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Abstract
A 3-dimensional model dual to the Rozansky-Witten topological sigma-
model with a hyper-Ka¨hler target space is considered. It is demonstrated that
a Feynman diagram calculation of the classical part of its partition function
yields the Milnor linking number.
1 Introduction
The first milestone in the development of what is called now topological quan-
tum field theory (i.e. application of quantum field theory to low-dimensional topol-
ogy) are two papers by Witten. The first one, describing Donaldson’s invariants
of 4-dimensional manifolds using BRST-like cohomology [6]. The second one,
deriving the Jones invariant of knots and links and its generalizations as well
as the Reshetikhin-Turaev-Witten invariants of 3-dimensional manifolds, using 3-
dimensional Chern-Simons gauge field theory [7]. The second milestone are the
papers by Seiberg and Witten on dual, low-energy version of Donaldson-Witten
theory [5] and [8]. Upon dimensional reduction the 4-dimensional theories can
serve as a source of new 3-dimensional topological field theories which, in turn,
can provide in low energy further topological field theory models. These latter 3-
dimensional models belong to the class of topological σ-models proposed recently
by Rozansky and Witten [4]. In this way, we have the two alternative (and per-
haps complementary) topological field theories probing topology of 3-dimensional
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manifolds: Chern-Simons theory and Rozansky-Witten theory. In fact, Rozansky-
Witten (RW) theory is similar to perturbative Chern-Simons theory since Feynman
diagrams are analogous in the both theories as well as resulting topological invari-
ants. Further study of the RW invariants and their relations to other topological
invariants are presented in [2].
Inspired by the paper of Rozansky and Witten [4] we aim to continue this line
of research. In the original RW model we have a multiplet of scalar fields assuming
values on a hyper-Ka¨hler manifold X as a target space. But for a 3-dimensional
manifold M and a hyper-Ka¨hler manifold X with symmetries we can alternatively
switch to a dual description where the scalar fields are replaced by Abelian vector
gauge fields [3]. Actually, we are interested in the simplest possibility for this
approach, namely 4-component multiplet of scalar fields (dimRX = 4) with one
scalar field dualized to a single vector field. In the paper [1], topological invariants
for the target space of the particular form X = S1 ×X ′ have been derived. In the
present paper, no this particular form of the target space is assumed. Instead we
will show that for a hyper-Ka¨hler target space X with a Killing vector, for which
one scalar field is dualized to an Abelian vector gauge field, the “classical” part
(the part of the zero order in the constant h¯) of the partition function is easily
calculable, and corresponds to the whole partition function of the RW model for
the first Betti number b1(M) = 2. The partition function is expressible by the
Reidemeister-Ray-Singer torsion and the Milnor linking number. We should stress
that no reference to topological (BRST-like) charges is used.
2 Topological model
The starting point of our analysis is the RW model [4], which is a topological
quantum σ-model on a 3-dimensional manifoldM , parameterized by 4-dimensional
(possibly, real 4n-dimensional) hyper-Ka¨hler manifolds X . It is related to N = 4
SUSY σ-model via the, so-called, twist. The action for this model is of the following
form
S = SB + SF =
∫
M
[(
1
2
√
h gij∂µφ
i∂µφj
)
+
(√
h ǫIJχ
I
µ∇µηJ (1)
+
1
2
ǫµνλǫIJχ
I
µ∇νχJλ +
1
6
ǫµνλΩIJKLχ
I
µχ
J
νχ
K
λ η
L
)]
d3x,
where hµν(x) and gij(φ) are metric tensors on M and X respectively, the fermion
scalars ηI and the fermion 1-forms χIµ assume values in the rank 2 complex vec-
tor bundle W originating from the decomposition of the complexification of the
tangent bundle TX of X . ΩIJKL corresponds to the Riemann tensor on X , and
the covariant derivative is defined using the Levi-Civita connection on M and W
(see [4] for details). Thus, µ, ν, λ = 1, 2, 3, i, j = 1, 2, 3, 4, and I, J,K, L = 1, 2.
“Topologicallity” of this theory is confirmed a priori by the existence of a nilpo-
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tent BRST charge (in fact, 2 charges), and a posteriori by the derivation of the
Casson-Walker-Lescop invariant.
Now, let as assume that the target space X has a continuous internal symmetry,
i.e. the hyper-Ka¨hler manifold X has a Killing vector. Then we can perform a
duality transformation of the action (1) replacing one scalar field (say, φ(4)) by an
Abelian gauge 1-form Aµ [3]. The result of such a transformation in the bosonic
sector SB provides a modification,
SB 7−→ S′B =
∫
M
(
1
2
√
h g˜ab(φ
c)∂µφ
a∂µφb (2)
+
1
4
√
h g−2(φc)FµνF
µν + iǫµνλga(φ
c)Fµν∂λφ
a
)
d3x,
where Fµν = ∂µAν − ∂νAµ, and g˜ab, ga and g are functions of φc only with a, b, c =
1, 2, 3, i.e.
g˜ab = gab − (g00)−1g0ag0b, ga = g0a, g2 = g00.
Consequently, in quantum theory one should also add appropriate gauge-fixing and
Faddeev-Popov terms.
3 The one-loop calculus
We conclude that the partition function of our model is expressed by the following
path integral
Z(M) =
∫
DφaDAµDη
IDχIµDθ¯Dθ exp
(
− 1
h¯
S
)
, (3)
where the action
S = S′B + SF + Sgf + SFP (4)
includes also the gauge-fixing part Sgf and Faddeev-Popov term SFP. Now, we
will identify minima of the action and expand the boson fields around them. The
minima of the action consist of pairs (ϕao , Aoµ), where ϕ
a
o is a constant map, and
Aoµ is a flat connection on M . Having an expansion point, we are able to explicitly
express the gauge-fixing and Faddeev-Popov terms. Namely,
Sgf + SFP =
∫
M
g−2(ϕo)
(
1
2
∇µAµ∇νAν + ∂µθ¯∂µθ
)√
h d3x, (5)
with the Faddeev-Popov ghost fields θ¯, θ, and ϕo a constant σ-field.
There is a host of zero modes present in our model (see, table 1), which are
postponed to higher-loop calculus. Bosonic scalar zero modes correspond to con-
stant maps ϕao , and their number, the dimension of the moduli space of constant
3
TYPE FIELD NO.
BOSONIC (+)
scalar φa 3
vector Aµ b1
FERMIONIC (−)
scalar (ghost) θ¯, θ 1
scalar ηI 2
vector χIµ 2b1
Table 1: Zero modes present in the theory and their respective numbers.
maps of M to X˜ , equals the dimension of the (reduced) target manifold dim X˜ = 3
(more generally, it equals b0(M) dim X˜). Bosonic vector zero modes are tangent
to the moduli space of flat connections Aoµ, and their number follows from the
de Rham cohomology, and is equal to the first Betti number b1(M). The moduli
space of flat connections is a torus of dimension b1(M). Likewise the numbers of
fermionic zero modes depend on Betti numbers b0 and b1 for scalar η
I and vector
χIµ fields, respectively. The single zero mode of the ghost fields should be removed
from the beginning as it corresponds to a trivial gauge transformation of Aµ.
Following [4], we split the bosonic scalar field φa(x) into an orthogonal sum
φa(x) = ϕao + ϕ
a(x), (6)
where ϕao is an expansion point and ϕ
a(x) represents a non-constant (fluctuating)
part of the φ field. The partition function can now be expressed as an integral over
X˜
Z(M) = (2πh¯)−
3+b1−1
2
∫
X˜
V
(
T b1
)
Z(M ;ϕao)
√
g d3ϕo. (7)
where the power of the (Planck) constant h¯ follows from counting of the zero modes
given in table 1 (the numbers in the numerator of the exponent equal the number
of “boson”−“ghost” zero modes), and V (T b1) is the volume of the torus of classical
minima which is independent of h¯ [9]. Z(M ;ϕao) is a contribution coming from the
one-loop zero mode-free part Z0(M), and a higher-order part ZI(M) which should
saturate fermionic zero modes.
The one-loop part Z0 is given by functional determinants of non-zero modes of
differential operators entering the free part of the action in the expansion around
ϕo. The differential operators in question are:
• Laplacians acting on 0-forms ∆0 for the scalar field ϕ and for the Faddeev-
Popov ghost fields θ¯, θ;
• Laplacian acting on 1-forms ∆1 for the vector gauge field Aµ;
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• The differential operator [4]
L−(η, χµ) =
(
−∇µχµ,∇µη + hµν 1√
h
ǫνρλ∂ρχλ
)
, (8)
for non-ghost fermionic fields η and χµ.
Collecting all the determinants we obtain
Z0(M) =
det′ L−[
det′(−∆0) det′(−∆1)
]1/2 , (9)
where the primes mean discarding zero modes. It appears that the absolute value
of the ratio of the determinants in (9) is related to the Reidemeister-Ray-Singer
analytic torsion τR(M) of the trivial connection on M , i.e.∣∣∣∣∣
det′ L−[
det′(−∆0) det′(−∆1)
]1/2
∣∣∣∣∣ = τ−2R (M). (10)
4 Beyond one loop
First of all, we should determine the form of propagators entering our model. Ac-
cording to (4), upon expansion around the constant field ϕo we obtain the following
quadratic part of the action
S0 =
∫
M
√
h
(
1
2
g˜ab∂µϕ
a∂µϕb +
1
2
g−2∇µAµ∇νAν (11)
+ǫIJχ
I
µ∇µηJ +
1
2
h−1/2ǫµνλǫIJχ
I
µ∇νχJλ
)
d3x.
The ghost part is absent in S0 because it was integrated out. Similarly, the topo-
logical part gaǫ
µνλFµν∂λϕ
a does not enter (11). The fermionic part of the action
(11) can be expressed using the operator L− [4] as
1
2
ǫIJ
〈
ηI , χIµ |L−| ηJ , χJν
〉
. (12)
Therefore, the non-zero propagators assume the following form:
〈
ϕa(x)ϕb(y)
〉
= −h¯g˜abG′0(x, y),
〈Aµ(x)Aν (y)〉 = −h¯hµνG′1(x, y),〈
χIµ(x)χ
J
ν (y)
〉
= h¯ǫIJG′µν(x, y),〈
ηI(x)χJµ(y)
〉
= h¯ǫIJ∂xµG
′
0(x, y),
where G’s denote Green’s functions and the prime means the absence of zero modes.
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Now, we should determine the class of Feynman diagrams which could play a
role in our further analysis. The condition selecting only classical part, i.e. the terms
canceling the power of the Planck constant h¯ in front of (7) is very severe. Following
the arguments of Rozansky and Witten [4] we preselect the candidate Feynman
diagrams as those of the order h¯
3+b1−1
2 = h¯
2+b1
2 , to cancel the normalization factor
in (7). Therefore, if V is the number of vertices, and L is the total number of legs
emanating from all of the various vertices, then for our diagrams we should have
L
2
− V = 2 + b1
2
. (13)
Since interaction vertices are of at least of the fourth order, we require
L ≥ 4(V0 + V1 + V2 + V3), (14)
where Vn (n = 0, 1, 2, 3) denote vertices with n χ fields. Finally, to absorb 2b1 χ
zero modes, we need
V1 + 2V2 + 3V3 ≥ 2b1, (15)
whereas to absorb 2 η zero modes
V1 + V3 ≥ 2. (16)
From (13) and (14) it follows that
2 + b1 ≥ 2(V0 + V1 + V2 + V3). (17)
Inserting (15) into (17) yields
4 ≥ 4V0 + 3V1 + 2V2 + V3. (18)
Introducing the notation
x = 4V0 + 2V1 + 2V2
y = V1 + V3, (19)
we can rewrite (18) and (16) as
4 ≥ x+ y
y ≥ 2. (20)
The solutions of (20) denoted with dots are given in figure 1, where according to (19)
x assumes only even values. The four solutions of the system of inequalities (20)
give rise to the following set of six solutions to the primary system (13), (14), (15),
(16) presented in table 2. The Feynman diagrams corresponding to consecutive
cases are depicted in figure 2.
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1    2     3    4     5 x
y
1,2
3,4
5
6
1
5
Figure 1: Solutions of the system (20).
No. V0 V1 V2 V3 b1(M) L x y
(1) 0 1 0 1 2 8 2 2
(2) 0 0 1 2 4 12 2 2
(3) 0 0 0 2 2 8 0 2
(4) 0 0 0 2 3 9 0 2
(5) 0 0 0 3 4 12 0 3
(6) 0 0 0 4 6 16 0 4
Table 2: The set of solutions of the system (13), (14), (15), (16).
The corresponding vertices assume the following form
V1 = −1
2
σABa σ
CD
b ǫACΩIJBDg
µνχIµη
J∂νϕ
aϕb, (21)
V2 = −1
4
g−1/2σABa σ
CD
b ǫACΩIJBDǫ
µνλχIµχ
J
ν ∂λϕ
aϕb, (22)
and
V3 =
1
6
g−1/2ǫµνλΩABCDχ
A
µχ
B
ν χ
C
λ η
D. (23)
The vertex V0 is absent in figure 2, whereas V
′
3 immediately vanishes in the diagram
(4) (see below). It appears that all the Feynman diagrams but one, i.e. (31), give
zero contributions to ZI(M) according to the following arguments:
(1) V3 vanishes because it contains the exterior product of 3 (harmonic) 1-forms
whereas there are only 2 linearly independent ones for b1(M) = 2;
(2) V2 vanishes because it contains the exterior derivative of harmonic forms;
(31) This contribution is not zero, and it will be evaluated later on;
(32) Analogous to (2);
(4) It vanishes because one boson external line remains unpaired;
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(1)
(3 )1
(3 )
(5 ) (5 )
(2)
(4) (6)
1 2
2
Legend:
= < φ φ >
= < χ χ >
= < η χ >
Figure 2: Feynman diagrams for the “classical” part of Z(M).
(5) V3 vanishes because the propagator 〈ηχ〉 introduces the exterior derivative for
harmonic forms attached to the vertex;
(6) It vanishes because of unpaired η lines (there is no non-zero 〈ηη〉 propagator).
5 Topological invariant
The only surviving classical contribution to the partition function (7) beyond one
loop is given by the integral corresponding to the diagram (31). This term is
analogous to the one appearing in [4]
I(M) =
∫
M×M
ǫµ1µ2µ3ǫν1ν2ν3ω(1)µ1 (x1)ω
(1)
ν1 (x2)ω
(2)
µ2 (x1)ω
(2)
ν2 (x2)
8
G′µ3ν3(x1, x2) d
3x1d
3x2,
where ω
(1,2)
µ are the basic integral 1-forms. It gives rise to the Massey product or
(Poincare dual) Milnor linking number
I(M) =
∫
M
g ∧ dg, (24)
where dg = ω(1) ∧ ω(2). Thus
Z(M) = b(X˜)τ−2R (M)I(M), (25)
with the proportionality coefficient
b(X˜) =
1
8π2
∫
X˜
√
g˜ d3ϕ′oǫ
I1J1ǫI2J2ǫI3J3ǫI4J4ΩI1I2I3I4ΩJ1J2J3J4
depending only on the geometry of the manifold X˜.
6 Finishing remarks
Our conclusion that the only 3-manifoldsM for which the invariant can be non-zero
are those with b1(M) = 2 could seem to be in contrast with the results of the RW
model, where one finds non-zero results for all b1(M) ≤ 3. But one should take
into account that our target space X has an isometry thus is a special case of the
more general X considered in [4].
We would also like to stress that our topological result is not an a posteriori
confirmation of the topological nature of the dualized model but only a “classical”,
i.e. the lowest in h¯-expansion, part of the whole partition function Z(M).
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